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Abstract-The paper is concerned with the effect of random axisymmetric impedections on the buckling of
circular cylindrical shells under axial compression. The initial impedections are considered as random
functions of the axial coordinate. This is done by expanding them in terms of the buckling modes of the
associated pedect structure, and then treating the Fourier coefficients as random variables.

Initially the probabilistic properties of the initial impedections of cylindrical shells, produced by the
same manufacturing process, are studied. In contrast to earlier works the probabilistic properties (the mean
function and the autocorrelation function or the spectral density) are not assumed. The mean vector and the
variance-covariance matrix of the Fourier coefficients are calculated from experimental measurements of
the shell profiles.

Next the Monte Carlo Method is applied. The Fourier coefficients of the initial impedection represen
tations are simulated by a special numerical procedure. Thus large number of shells is "created". For each
shell a deterministic analysis of buckling stress evaluation is carried out. Finally, the reliability function
representing the probability (i.e. fraction of an ensemble) of the buckling stress exceeding the specified
stress is calculated. The reliability function permits to evaluate the design stress for the whole ensemble of
shells produced by a given manufacturing process, defined as the stress level for which the desired
reliability is achieved. The paper represents an extension of the approach given in Ref. [I) to shell
structures.

I. INTRODUCTION

The considerations which follow are intended as a contribution to the understanding of the
random imperfection-sensitivity of shell structures. Specifically, we are dealing with a circular
cylindrical shell under uniform axial compression, with the axisymmetric imperfections treated
as random functions of the axial coordinate. This study generalizes a recent paper[l] where
buckling of a model structure, that of a column on a cubic foundation was studied, and it should
be considered as the initial step towards the analysis of shells with general, non-symmetric
random imperfactions.

It has been believed for some time that the theories of imperfection-sensitivity of structures
should be combined with the statistical analysis of the initial imperfections. The first work in
this direction for the most controversial structure-the circular cylindrical shell under axial
compression-was presented by Amazigo [2]. He treated infinitely long cylindrical shells with
homogeneous, ergodic random axisymmetric imperfections by means of a modified truncated
hierarchy method. The conclusion derived was that the buckling stress is a deterministic
quantity, depending only on the spectral density of the random axisymmetric imperfections.
Moreover, for smaIl values of the standard deviations of the initial imperfections this deter
ministic buckling stress depended only on the value of the initial imperfection power spectral
density at the spatial frequency of the classical axisymmetric buckling mode, this dependence
being

A = I - [91fc
2
S (1)]2/7~4/7 A= PBlF

2y2 % ' Pc (I)

where PBlF is the buckling load at which the governing nonlinear equations admit an asym
metric solution infinitesimally adjacent to the prebuckling axisymmetric state, Pc is the classical

tPresented at Euromech Colloquium No. 128: "Stability, Buckling and Postbuclding Behaviour; Foundations and
Analysis", 31 March-2 April 1980, Delft, The Netherlands.
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buckling load of the perfect structure, A is the nondimensional deterministic buckling load (and
therefore also the mean buckling load), C = [3(1 - 1'2)]112, v-Poisson's ratio, Swo(w)-normalized
initial axisymmetric imperfection power spectral density so that f"ooSWo(w) dw = 1, w-the
nondimensional spatial frequency so that w = I corresponds to the wave number associated
with the axisymmetric buckling mode, I) is the standard deviation of the initial imperfections. In
Ref. [3], Amazigo and Budiansky modified eqn (I) to

[
9 2 ]217A = 1- 11"C S- (1) 1)417,\ 417
2\/2 Wo .

(2)

In Refs. [2-4], the normalized autocorrelation function RWo(xt> X2) = Rwo(xt> X2)1)-2 was assumed
to be of exponential-cosine type

(3)

where 71 is the difference between the nondimensional axial coordinates of the points of
observation, 13 and 'Yare some positive constants supposed to depend on the manufacturing
process. The normalized spectral density associated with this autocorrelation function is

(4)

so that Swo(l) entering into eqns (I) and (2) is

(5)

A design criterion based on formula (2) was developed by Tennyson et al.[4]. Two approaches
were suggested: to substitute the experimentally determined values of I) and SWo(l) into eqn (2)
or to assume, as in Refs. [2, 4] the exponential-cosine autocorrelation function (3) with
parameters 13 and 'Y chosen so that the spectral density (4) will have a peak at the spatial
frequency which corresponds to the axisymmetric classical buckling mode of the perfect shell.
Experimental results[5] however, did not yield good agreement with the proposed random
axisymmetric imperfection model, since the measured discrete power spectral density of initial
imperfections did not have a peak at the spatial frequency which corresponds to the axisym
metric classical buckling mode of the perfect shell. A different approach was used by Roorda
and Hansen [6]. They assumed that the shape of the initial imperfection was specified in the
form of the axisymmetric buckling mode of the cylindrical shell and considered its magnitude
as a random variable with given probability distribution. Then the following relationship derived
by Koiter [7] using his general nonlinear theory of elastic stability

2(1- A)2 - 3cl/-LIA = 0 (6)

between the nondimensional buckling load A and the magnitude of nondimensional imper
fection /-L was used as a transfer function to calculate the probability characteristics of buckling
load in terms of the probability characteristics of the imperfection magnitude. Finally the
reliability function

R(a) = Prob (a < A. ~ I) (7)

where (a < A~ 1) stands for the random event that the random buckling load A will exceed
given nondimensional load a, was calculated.

In a subsequent paper [8] Roorda proposed to consider all kinds of imperfections in a real
shell of given length, radius, thickness and boundary conditions to be equivalent to a hypo
thetical axisymmetric imperfection in a shell of infinite length with the same radius and
thickness. This equivalent imperfection was treated as a random normal variable with its mean
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and variance approximated as linear function of the R1t ratio. The obtained formulas were
compared with results of some 360 experiments on axially compressed cylindrical shells with
different length, radius-to-thickness ratios, boundary conditions, materials and manufacturing
processes, which were reported in Ref. [9]. Roorda also compared his results with the "lower
bound" curve proposed by Weingarten et al. [10] for a large number of test results from
different sources.

Makaroff[ll] was apparently the first who performed at the Moscow Energy Institute
systematic statistical analysis of the initial imperfections. He used series of fifty cylindrical shells
made of steel sheet of electrical-grade pressboard. The imperfection function was represented in
Fourier series and the coefficients were treated as random variables. The analysis showed that
the assumption of homogeneity of the initial imperfection in the circumferential direction was
satisfactory, and that the normality of their Fourier coefficients did not conftict with the
experimental data. Subsequently, Makaroff[12] performed a theoretical analysis of the buckling
of stochastically imperfect shells with the experimental data obtained in Ref. [II] serving as an
input for the description of imperfections. The theoretical mean value of the nondimensional
buckling load was 0.31 whereas the experiments yielded 0.23.

General, nonaxisymmetric random imperfections were treated by Fersht[13] and
Hansen [l4]. Fersht generalized the approach by Amazigo[2]. It turned out, that for the
nonaxisymmetric imperfections closed formulas of the type (I) or (2) are not obtainable and
rather cumbersome numerical analysis has to be performed to yield the mean buckling load.
Hansen[14] generalized his previous deterministic results given in Ref. [15]. The main con
clusion of Ref. [15] was that the imperfection parameters associated with the non-axisymmetric
modes appear only in three and only three distinct summations and that the system behaviour is
governed by the value of these summations and not by the individual imperfection parameters.
It was assumed that the modal imperfection amplitudes are jointly normal random variables with
zero mean. Also the strong assumption was made that these amplitudes are statisticaIly indepen
dent and are distributed identically. The Monte Carlo Method was then applied: for each sample
problem the buckling load was determined via Ref. [15], and the mean buckling loads as well as
their confidence levels were calculated. It has been demonstrated that the non-axisymmetric
imperfections playa very important role in the determination of the buckling load statistics.
Another important conclusion was that the large dispersion occurs for small values of RI t and
that this dispersion decreases as R1t increases. The same conclusion was accounted for by
Roorda[8] by postulating that the mean and the variance of the imperfection were functions
decaying with increasing values of RIt.

In this paper, contrary to earlier works, the probabilistic properties (the autocorrelation
functions or spectral densities) are not assumed, but the mean vector and the variance
covariance matrix of the Fourier coefficients are calculated from the experimental measure
ments of the shell profiles. Then the Monte Carlo Method is employed. Thus, at first, a large
number of shells is "created". That is, the Fourier coefficients of their initial imperfection
representations are simulated numerically by a special procedure. Next for each shell a
deterministic analysis of buckling load evaluation is carried out (implying that the usual
deterministic approach is a particular case of the probabilistic one). Once the buckling loads of
an ensemble of shells are available one then proceeds by studying their probabilistic behaviour.
In particular, one determines the reliability function representing the relative number of shells
with buckling loads exceeding the specified load. Finally, the design load for the shells
produced by a given manufacturing process is obtained as that load for which the reliability
function has the desired value close to unity.

2. PROBABILISTIC PROPERTIES OF INITIAL IMPERFECTIONS

We characterize the random initial imperfections Wo by functions which are basis in the
study of random processes. The mean function Wo(x) of a function Wo is the expected value of
the random variable Wo(x)

Wo(x) = E{ WO<x)} = L~ wof( Wo; x) dWo (8)
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where {( wo; x) is the first-order probability density function of Wo(x). In general, Wo(x) is a
function of the axial coordinate, and E{...} denotes the mathematical expectation. The
autocovariance function Rwo(x., X2) of a random function Wo(x) is the covariance of the random
variables WO<x.) and WO(X2):

RWO<XI' X2) ::= E{[ WO(XI) - WO(XI)][ WO(X2) - WO(X2)]}

::= L~ L~ [WOl - WO<Xt)][ W02 - Wo(x)]

(9)

where {(WOI' W02; X"X2) is the second-order probability density of the random function Wo(x).
Assume now that {lpj(x)} represents the complete set of orthogonal functions in [0, L], where L
is the shell length. Then Wo(x) can be expanded in a series in terms of the lpj(x)'s:

WO(X)::= L Ajlpj(x)
i

where Aj is a random variable for every fixed i. The mean function then becomes

(10)

(11 )

Here the A;'s are the means of the A;'s and are readily found as

(12)

and they form the mean vector {A}. The autocovariance function becomes, correspondingly,

(13)

where

(14)

The Uj/s are obtained as

(15)

and they form the variance-covariance matrix [1]::= [uij]' The equations (8)-(15) imply, that the
knowledge of the mean and the autocovariance function on the one hand, and the mean vector
{A} and the variance-covariance matrix [1] on the other, are equivalent.

In order to be able to treat also tbe limiting case of the infinite sbell, we consider initially the
complex Fourier series, so that instead of representation (10) we use

For the mean function we get

x

Wo(x)::= L Am eimrrxlL.

m=-oo

(\6)

(17 )
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The autocovariance function becomes in terms of tbe elements Um. of the variance-covariance
matrix

1 fL fL .'" = R (s s) e'1fl-m"+"2J/L ds ds"m. ~L Wo .. 2 I 2·
-L -L

Substitution of the Um• into the expression of the autocovariance function yields

Now, defining the spatial frequencies by

(18)

(19)

m1T'
wm=y, (20)

and the difference between the successive frequencies by

Equation (19) becomes

If we now define

then eqn (22) can be rewritten as follows

Rwo(x.. X2) = ~ ~ Swo.Jwm• w.) ei"'m
x

, e -i"'.X2 dwmdw•.
m=-co n=->;c

(21)

(22)

(23)

(24)

Under very general conditions the limit of a sum of the form (24) as dWm~O. dw. ~O is the
integral

(25)

Therefore, since L~oo implies dWm~O, dw. ~O we have
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(26)

so that SWo(w\> W2) and RWo(sl> S2) constitute the double Fourier transform pair. SWo(w\> W2) is
referred to as the generalized power spectral density of the initial imperfections of the infinite
shell, and as was shown above, it can be deduced from the elements of the variance-covariance
matrix associated with the finite shell.

Consider now the particular case when the initial imperfections of the finite shell form a
stationary random function, meaning that the mean imperfection is constant and the auto
covariance depends only on S2 - 5,:

(27)

Substituting into eqn (26) RWo(52 - 5,) instead of RW1(51) $2), making the change of coordinates

and bearing in mind that

yields

where SWo(w,) is the power spectral density of the weakly homogeneous initial imperfections
(homogeneous in the wide-sense). Then with WI ~ W one obtains

(28)

with eqn (25) transforming to

(29)

eqns (28) and (29) constitute the Wiener-Khintchine relationship for the weakly homogeneous
random functions. The concept of the power spectral density was used in the studies by
Amazigo [2] and Amazigo and Budiansky [3] to represent the initial imperfections.

Strictly speaking, the initial imperfections of the finite shell cannot be stationary. Tennyson
et al. [4] used measurements performed on the finite shell in order to develop the design
criterion based on formula (2) which was derived from the infinite shell with weakly stationary
imperfections. That is, the assumption was made that the initial imperfections are stationary in
the interval [0, L], i.e. conditions (27) are valid when XI> X2 belong to this interval. Consider this
case in more detail. Assume, after Tennyson et al.[4] that the mean imperfection function is
identically zero. Then the initial imperfections (as those of the finite shell) are characterized by
the variance-covariance matrix eqn (14). Assume now in eqn (15) that R wo(5t> $2) == RWo(5z - 51)

and introduce a new coordinate system z, == (52 - 5,)/v'2, Z2 == (51 + 52)/v'2 to arrive finally at

(_I)n-rn II
(J'rnn == ( ) Rw0<2aL)(sin 2m1Ta - sin 2n1Ta) da, if m i' n

1Tn-m 0
(30)
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O'mn =2f Rwo(2aL)(l- a) cos 2m11'a da, if m =n
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(31)

We will show that for L .... oo, the diagonal terms O'mm of the variance-covariance matrix reduce
to Tennyson's discrete power spectral density. Indeed. substituting (31) into the expression for
O'mm, results in

where the dimensional spatial frequency Wo = 11'/ L waS introduced. Then

but now, with L .... CXJ. wo .... Oand

lim mwo= w
'"0-..0

hence

(32)

which is the desired result. This expression can be related also to the nondimensional discrete
power spectral density discussed in Ref. [16]. Indeed Swo(w) in the notation of Ref. [16] is p(w).
In order to nondimensionalize SWo(w) we introduce the dimensionless spatial frequency w

defined as

mwo m
w= =-y'(2c/Rt) ;c,'

. L 1(2C)'ei =; V Rt

where ;eI is the number of half waves in the classical axisymmetric buckling mode for isotropic
shells. Then the nondimensional power spectral density Swo(w) = Swo(w)/y'(Rt/2c) becomes

S- ( ) 1 ,. O'mm I' .
Wo w = y'(Rt/2 ) .Im --- = ,1m O'mmlcl

C "'0--0 Wo "'0-..0

which coincides with formula (AI2) in Ref. [16].

(33)

3. SIMULATION OF RANDOM IMPERFECTIONS WITH GIVEN PROBABILISTIC PROPERTIES

Assume that the mean function Wo<x) and the autocovariance function Rwo(xj, X2) are given.
We then calculate analytically or numerically the vector Vi} and the variance-covariance
matrix [Il. Having these quantities, we then proceed to the simulation of the initial imper
fections. Our aim is to "create" the desired number M of initial imperfection profiles baving
given probabilistic properties. The method of simulation, suitable for computer realization for a
random normal function was developed in Ref. [17]. Here we are only giving a short outline of
the method. We assume that the mean vector {A} is identically zero. This entails no loss of
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generality since if vector {A} is simulated as below, the vector {A + A} has the mean {A} and the
same variance-covariance matrix [I]. The latter matrix is positive semidefinite and can be
uniquely decomposed in the form

[Il [CHCf (34)

where T means transpose and [C] is a lower-triangular matrix. [Cj is found by the Cholesky's
algorithm. Now, we form vector {B}, its elements being normally distributed, statistically
independent with zero means and unit variances. Then the vector of the Fourier coefficients of
the initial imperfections is simulated as follows:

{A} =: [C]{B} +{A}. (55)

Having M realizations of vector {B} we obtain the same number of realizations of {A}. The
main feature of this simulation technique is that it is applicable for homogeneous, as well as for
nonhomogeneous random functions with given mean and autocovariance functions. This
procedure was applied to different static and dynamic buckling problems, involving random
imperfection sensitivity, in Refs. {t, 18, 19].

Using the autocovariance function (3) we are able to compare the results of the Monte Carlo
Method with the expressions (I) or (2) for the mean buckling load. To begin with, we assume.
after Amazigo [2], that the initial imperfection autocovariance function is of the exponential
cosine type

(36)

In order to get Amazigo's representation in the form of eqn (3) the constants A and B must
have the following values.

where

icl =: .;~~ and c =: y[3(1 - J/))

(37)

(38)

(See Appendix A for the details.)t
The elements of the variance-covariance matrix are calculated via eqn (15), with !.pl:=

cos (i1rx/L), i.e. the half-wave cosine representation is used for the initial imperfections. As is
shown in Ref. [I8], simplification during calculating <T;j is possible due to the weak homogeneity
of Woo Namely the <Ti/S are given by

(39)

where

(see eqns (18)-(20) in Ref. [17]). These equations yield upon substitution and carrying out of the

t Appendices are included in Ref. (27J. which represents an extended version of this paper.
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integrals the following formulas

where

- 1 I
Ai = ? Wi4 + 2wl(f~2 - l) +(f32 + .,,2)2

X {Vi l(-I)1 e -IIi,,., cos ."icl1T -1] +
- 2f3.,,(_1)i e -Ili</" sin yie/1T}

Pi = f32 - (Wi + y)2, Oi = f32 + (Wi - y'Y
Ri = f32 +(Wi + y)2, f; = f32 - (Wi - y)2

- 222- 222ll; = Wi + f3 + Y , Vi = Wi + f3 - y

57t

(40)

(41)

In order to compare the results of the Monte Carlo Method with those obtained by the
application of the formulas (1) and (2) the following shell was used: R =L =101.6 mm,
t =0.944931 mm and ,,= 0.3 resulting in ie/ =6. This shell, with the initial imperfection auto
covariance function used by Amazigo (see eqn (3) with f3 = 0.2 and y = 1.0), will be referred to
as the Amazigo shell. Figure 1 shows the normalized variance of the initial imperfections
back<alculated with the aid of the 0'1/ s given in eqn (40). Twelve terms have been retained in
the summation given by eqn (13). The uniformity is disturbed in the vicinity of the edges due to
Gibb's phenomenon. The autocovariance function possessed by 100 simulated Amazigo shells is
given in Fig. 2(a), whereas the elements of the variance-covariance matrix are shown in Fig.
2(b). Since icl =6, it is seen that on the diagonal at i = j = iet the elements of the variance
covariance matrix reach a maximum. This maximum corresponds to the well-known peak in the
spectral density (eqn 4) used by Amazigo in his analysis of the infinite shell.

It should be noticed that for sufficiently long shells the number of half-waves associated
with the classical buckling mode icl ~ 1. Then Wi tends to the continuous spatial frequency W

and in the expression for Oi (see eqn 41) the second and the third terms become vanishingly
small in comparison with the leading term f3UI. Thus as L-H/J, O'jj in eqn (40) reduces to the
spectral density SWo(w) used by Amazigo for the infinite shell (see eqn 4). The extra factor of 4
is due to the fact that the half-wave cosine representation was employed for C/>i(X) in deriving
eqn (40) instead of the complex representation used by Amazigo. Further, as can be seen from
Fig. 2(b), some off-diagonal terms O'IJ(i"t J) are different from zero. However, it can easily be
shown using the expressions given in eqn (41) that as L ...... oo the off-diagonal terms approach
zero.

When comparing the results of the Monte Carlo Method for the mean buckling load with the
prediction based on eqns (I) or (2), then according to the Kolmogorov-Smirnov test of
goodness of fit[20] at a level of significance of 0.05 the critical value of the maximum absolute
difference between the unknown theoretical and the obtained simulated distributions of the
buckling loads is 1.36/YlOO = 0.136. The variance of the simulated initial imperfections was
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o l
Fig. 1. Recalculated variance of "Amazigo's shell' (exponential-cosine autocorrelation function).
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b. The elements of the vatlance-covanance matnx

Fig. 2. Statistical properties of the simulated 100 Arnazigo shells.

fixed at 82 =0,005. The histogram of the buckling loads and the reliability function are shown in
Figs. 3(a), (b), respectively. The nondimensional buckling loads A were distributed between
0.376 and 0.886, so that the design buckling load at the required reliability, 0.98 say, equals 0.37.
Obviously, the design buckling load associated with the high level of required reliability is a more
powerful design criterion than the mean buckling load.

The mean buckling load possessed by the "created" shells is 0.608. Formula (I) by
Amazigo [2] predicts 0.468 and formula (2) by Amazigo and Budiansky [3) yields 0.602. As is
seen the mean buckling load given by eqn (2) is much more reliable than the one predicted by eqn (1)
This is in agreement with the conjecture made in Ref. [3}.
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a. Histogram of the nondimensional buckling loads A
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Fig. 3. The reliability function associated with the simulated 100 Amazigo shells.

It should be remarked here that in the present work no use was made of the ergodicity
assumption adopted in Refs. [2,3], but ensemble averaging was employed to find the charac
teristics of the buckling load which turns out to be a random variable. Also, for the Monte Carlo
simulation a shell of finite length was used and not an infinite one as in Refs. [2,3].

4. SIMULATION OF RANDOM INITIAL IMPERFECTIONS FROM MEASURED DATA

The techniques for measuring the initial imperfections of shells are well established (see,
e.g. Ref. (21» and the results are collected in Refs. [22,23]. The techniques employed measure
the deviation of the shell outer surface relative to an imaginary cylindrical reference surface
(the "perfect shell" associated with the imperfect shell under consideration). Consider, e.g.
cylindrical shells of L =176.02 mm, R =101.6 mm, t =0.1 160 mm, manufactured by elec
troplating from pure copper, and tested in a controlled end-displacement type compression
testing machine. We can visualize that a suitable stock of such shells, referred to as the
A-shells [23], is available. Due to the very nature of the manufacturing process, each
realization of the shell will have a different initial shape which cannot be predicted in advance.
The imperfections represent deviations of the initial shape from the perfect circular cylinder
amounting to a fraction of the wall thickness. They can be picked up and recorded by the
special experimental set-up developed at Caltech [21]. The scanning device, moving in both the
axial and the circumferential directions, yields a complete surface map of the shells. Any two
shells produced by the same manufacturing process may have totally different imperfection
profiles as can be seen from the three-dimensional plot of initial imperfections, shown in Fig. 4.
Measured imperfection surfaces are represented by different Fourier series. The integrals
involved in the determination of the Fourier coefficients are carried out numerically using the
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Fig. 4. Three-dimensional plots of measured initial imperfections.
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trapezoidal ruJe. The axisymmetric Fourier coefficients al,"1 of the different A-shells are listed
in Table I. Now we are looking at the al'""s as realizations of the random variable Ai in eqn
(10). Then the sample mean is estimated as

(42)

where N is number of sample shells.
The elements Uij of the variance-covariance matrix are estimated as

(43)

which is an unbiased estimate.
The estimates of the mean initial imperfection function and of the autocovariance functions

become, respectively (see eqns Il and 13)

(44)

Since [I] = [Uir'] is a positive-semidefinite matrix, therefore according to Sylvester's
theorem[24] all principal minor determinants associated with matrix [1] are non-negative. The
same property must be possessed by the estimate [1("]. This property is used in order to
"correct" initial values of ull • If, for example, the roth order principal minor determinant is
non-negative

~o

but the (r + l)-th order principal minor determinant is negative

UII
(.1 U (.)

UI.r+1
(.,

Ir

<0
U (.) u"(·) Ur,r+1

(.,
rl

Ur+I.1
(.,

Ur+I)') Ur+l.r+1
(.,

then we perturb elements of the last column and row by some value x, so that the corrected
(r + l)-th order principal minor determinant is positive

UII
(., U (.) UI,r+l(" + XIr

>0
U (., u"(·) Ur.r+I("+ Xrl

Ur+I,I("+ X Ur+l.r(·) + X Ur+l,r+I(" + X.

This "correction" can be used if max Uj.r+I(·' +x lies within the confidence interval for the
j

element matrix Uj.r+l(", and, moreover, if x <l1 max Uj.r+I(·'.
j
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Having the estimates of A/e) and ai/'), we are proceeding to the simulation of the initial
imperfections, as described in the previous section. Instead of {A} and II} in eqns (34) and (35)
we use {A(el} and [Ilel], respectively. As a result we obtain the desired number M> N initial
imperfection profiles, which are statistically "equivalent" to the initial sample of N shells.

In order to check the simulation procedure, the autocovariance function of the simulated
sample of shells, defined as

with

Rwo(S)(Xt> X2) = L L ai/,llpi(Xt)lpj(X2)
m n

(45)

(46)

must be compared with the autocovariance function of the initial sample Rwo(e). The variance
covariance matrix for the group of A-shells is given in Appendix A and its elements are
displayed in Fig. 5. The autocovariance function estimated from the measured data is displayed
in Fig. 6. The autocovariance function of the simulated sample turns out to be indistinguishable
from that of the measured initial sample. The estimated variance of the measured initial
imperfection vs the axial coordinate is shown in Fig. 7.

A group of B-shells [23] was also considered. These shells were manufactured by putting
pieces of thick-walled, seamless, brass tubes onto a mandrel and then machining them to the
desired wall thicknesses. The average dimensions of this group of shells are L = 134.37 mm,
R = 101.6 mm, t =0.2007 mm and II =0.3. The autocovariance function estimated from the
measured data is displayed in Fig. 8. Also in this case the autocovariance function of the
simulated sample showed excellent agreement with that of the measured initial sample. The
elements of the variance-covariance matrix are given in Appendix B and are displayed in Fig. 9.
The estimated variance of the measured initial data vs the axial coordinate is depicted in Fig.
10. As it is readily seen from Figs. 7 and 10, the variances associated with the A- and B-shells
are non-uniform. This implies that their initial imperfections form nonhomogeneous random
fields.

Note that icl = 30 for the group of A-shells and icl = 17 for the group of B-shells.
As can be seen from Figs. 5 and 9 (or from the numerical values in Appendices A and B) the

Fourier coefficients of the axisymmetric part of the initial imperfections "peak" near w = 0 and
become vanishingly small near w = 1. That means that the variance-covariance matrices of the
shells investigated are dominated by the lower order modes and not by the classical axisym
metric buckling mode.

Next we are proceeding to the second step of the Monte Carlo Method: evaluation of the
buckling load for each "created" shell.

Wz= J/icl

1.0

o 0.5

Fig. 5. Elements of the variance-eovariance matrix [I'] of the group of A-shells.
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o l xi

Fig. 6. The estimated autocovariance function of the axisymmetric part of the measured initial imper·
fections for the group of A-shells.

Rw IX,xl
o

0.0866

to

0.5

o
o l

Fig. 7. Estimated variance of the measured initial imperfections as a function of the axial coordinate for the
group of A-shells.

Fig. 8. The estimated autocovariance function of the axisymmetric part of the measured initial imper
fections for the group of B-shells.

10

10

o 0.5 10 wi =if;
leL

Fig. 9. Elements of the variance-<ovariance matrix [I'] of the group of B-shells.



578 1. EUSHAKOFF and J. AR80CZ

o L

Fig. 10. Estimated variance of the measured initial imperfections as a function of the axial coordinate for the
group of B·shells.

5. COMPUTATION OF THE BUCKLING LOADS

The buckling loads are calculated by making use of Koiter's special theory{25]. We are
considering a cylindrical shell with an axisymmetric initial imperfection of the form

(47)

where [; denotes the magnitude of the imperfection as a fractional value of the shell thickness t
and i is an integer denoting the number of half waves in the axial direction. Using Koiter's
special non-linear theory one can derive a relationship between the nondimensional axial load
level A (at which the resulting fundamental equilibrium state bifurcates into an asymmetric
deformation pattern) and the imperfection amplitude [;. It one assumes the following buckling
mode

. k1TX ly
w(x, y) == tCkl sm Leos R (48)

where k and I are integers denoting the number of half waves and the number of full waves in
the axial and in the circumferential directions, respectively, then the following non-linear
transfer function between A and [; is obtained. .

(49)

where

(50)

and Oij is the Kronecker delta with j == 2k.
It is shown in Appendix E that eqn (49) can be reduced to eqn (5.2) of Ref. [25]. From eqn

(49) for an imperfection sensitive structure ~ must be negative and j must be an even integer.
The use of eqn (49) to calculate the critical buckling load for a given shell then proceeds as
follows. Initially with i == 2, k == I (since i = 2k) and for different values of 1eqn (49) is solved
repeatedly and the lowest bifurcation buckling load A is determined. Next the process is
repeated with i = 4, 6,' .. until all the available imperfection harmonics have been tested.
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The absolute minimum bifurcation buckling load is then identified as the critical buckling load
for the shell under consideration.

Once the critical buckling loads for the large number of simulated shells (M = 1(0) are
available, one can then proceed to calculate the histogram of the buckling loads and to
determine the corresponding reliability function. Figures 11-14 display the histograms of the
buckling loads and the calculated reliability functions for the group of A- and B-shells
respectively. A comparison of Figs. 12 and 14 shows that the reliability of the B-shells is less
than that of the A-shells, meaning that machining thin-walled shells out of thick-walled,
seamless, brass tubes is a "rougher" procedure than electroplating.

Note that the mean buckling load for the simulated sample of A-shells is 0.946, whereas for
the B-shells is 0.724. These loads are considerably higher than the experimentally observed
mean buckling loads for the corresponding initial samples (0.643 for the A-shells, 0.592 for the
B-shells). The reason is, that as has been pointed out in Ref. [26] for accurate buckling load
predictions also the asymmetric imperfections must be taken into account. The study of the
effect of general, non-axisymmetric imperfections is under way and will be published else
where. Thus this work can be viewed as the first step towards such a general analysis.

6. CHECK OF THE MONTE CARLO METHOD IN A CASE CAPABLE OF EXACT SOLUTION

The question arises: "What is the accuracy of the Monte Carlo Method?" In order to
provide a check of this method when applied to shell structures let us consider a case capable
of an exact solution. If one assumes that the initial imperfections are of the form

- • 1TX
wo(x) = t~ cos 'ei L (51)

where (is a random variable X with given probability distribution density !x({), then the shape
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Fig. II. Histogram of the nondimensional buckling loads A (Group of A-shells [23]).
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Fig. 12. Calculated reliability function vs the nondimensional buckling load A (Group of A-shells(23)).
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Fig. 13. Histogram of the nondimensional buckling loads ..I (Group of B-shells [23]).
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Fig. 14. Calculated reliability function vs the nondimensional buckling load ..I (Group of B-shells [23]).

of the axisymmetric imperfection coincides with the axisymmetric buckling mode of the perfect
shell. Hence ACi = I, a? = I, ak2= 1/4 (since i = 2k) and eqn (49) reduces to

(52)

It is shown in Appendix E that eqn (52) is equivalent to eqn (5.4) of Ref. [25]. Equation (52)
then represents the non-linear transfer function between A and f If the amplitude of the
imperfection ~ is a random variable X then also the buckling load A will be a random variable
A. Thus eqn (52) becomes

2 2[ 8] -(I - A) (ACkl - II.) - (l - 1I.)2cf3/ 11.+ (I + 4f3?>2 Ixl

3 2 4[I I] X2
+ 2c f3/ (9 + 4f3/)2 + (l + 4f3,2) = 0 (53)

The minus sign has been introduced (as discussed earlier) in order to obtain an imperfection
sensitive structure. The reliability is then defined as the probability that the buckling load A will
be greater or equal to some specified value a. As it follows from eqn (53) this is equivalent to
the probability that the absolute value of the imperfection X be less than or equal to some
value f*, where ~* is the smallest root of the transfer function (53) for the specified value of
A=a.

It should be noted here that eqn (53) contains as a free parameter I, the number of full waves
in the circumferential direction. Thus finding the smallest root l* for a given value of A = a
involves repeated solution of eqn (53) for different values of I.
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If we now introduce the distribution function Fx(i) then by definition

Pr {X:::ii! j'*} =Fx(j'*) =L: !x(i) di

and the reliability can be written as

R(a) = Prob {A ~ a}

= Prob {IXI:::ii! j'*} = f~ !x(i) di= Fx(j'*) - Fx(-j'*)
-E*

581

(54)

(55)

Thus the reliability equals the integral of the initial imperfection amplitude probability density
!xci) over the interval (-j'*, j'*).

If one now further assumes that the random variable X is normally distributed with mean
mx and variance ut, then its probability density is given by

and we get from eqn (55) the following closed form solution for the reliability:

R(a) = !{erf (j'* - mx) _erf [- (i* - mx)]} = erf (i* - mx )
2 uxy2 uxy2 uxy2

where erf (x) is an error function defined as

erf(x)=J1Tf e-
t2

dt.

(56)

(57)

(58)

The reliability calculation is illustrated in Fig. 15 where the shaded area equals the reliability of
the shell at the nondimensional load level a.

For the sake of comparison 1089 imperfect shells were "created". Their dimensions were
L = 141.0 mm, R = 101.6 mm, t = 0.2634 mm and p = 0.3 so that iet = 16.0. The shape of the
imperfections coincided with the classical axisymmetric buckling mode and their amplitudes
were normally distributed random variables with a mean of mx = 0.1 and a standard deviation
of ux = 0.05. The histogram of the buckling loads is shown in Fig. 16. The buckling loads were
computed following the procedure outlined in the preceding section with eqn (52) in place of
eqn (49). The reliability functions are shown in Fig. 17. The solid line indicates the analytical
solution from eqn (57). The results of the Monte Carlo Method are shown by circles. The
agreement between the simulated and the analytical results is excellent.

7. CONCLUSIONS

It has been demonstrated that the Monte Carlo Method can be used successfully for the
investigation of the stochastic imperfection sensitivity of axially compressed cylindrical shells
with axisymmetric initial imperfections. The authors believe that the reliability function-the
final product of such an analysis-represents a more powerful design criterion than the ones
based on deterministic or mean buckling load formulas.

Computation of the varlance-covariance matrices of the Fourier coefficients as ensemble
averages of the experimentally determined values have shown that the measured initial
imperfections of finite shells are nonhomogeneous. Thus the ergodicity assumption used by
many investigations is not applicable.

As has been seen the results of the existing initial imperfection data banks can be
incorporated directly into the Monte Carlo Method. Thus the results presented in this paper
further reinforce the need for compiling extensive experimental information on imperfections
classified according to the manufacturing processes.
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By the technique developed in Refs. [I, 17-19] and in this paper (once it has been extended
to include general nonsymmetric imperfections), one can then calculate via the Monte Carlo
Method the reliability functions associated with the different manufacturing processes. Thus
finally, by this approach, the imperfections sensitivity concept can be introduced into the design
procedure.
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APPENDIX 1
Statistical properties of the group of A-shells

Table I. First nine Fourier coefficients aim) of the initial imperfections expanded as

wo(ml(x) = tWo(ml(x) = t t aim) cos i1TX
.=0 L

~nell A-7 A-8 A-9 A-lO A-12 A-13 A-14

0 0.0176 0.0343 0.0226 O. 0108 0.0023 0.0018 0.0029

1 0.0669 0.6534 0.0832 -0.0231 0.0158 0.0242 0.0662

2 -0.0164 0.1033 -0.0437 -0.0265 -0.0164 0.0095 0.0041

3 -0.0176 -0.0696 -0.0079 0.0054 0.0174 0.0006 0.0237

4 -0.0403 -0.1997 -0.0519 -0.0232 0.0092 0.0048 0.0013

5 -0.0031 -0.1637 0.0015 -0.0055 -0.0194 -0.0021 -0.0438

6 -0.0313 -0.0787 -0.0347 -0.0187 0.0062 -0.0047 -0.0349

7 -0.0050 -0.0092 -0.0080 -0.0106 0.0115 0.0060 0.0042

8 -0.0326 -0.0821 -0.0370 -0.0158 -0.0116 0.0038 -0.0041

for the group of A-shells (R = 101.6 mm, t = 0.1160 mm, L = 176.02 mm, E = 1.0441 x lOS N/mm 1
, v= OJ, id = 30).

Note: Here wo(m)(x) is positive outward:

Table 2. Elements of the variance-eovariance matrix [I(e») for the group of A-shells

02 a
1

a 0.015 0.230 0.030 -0.035 -0.083 -0.046 -0.029 -O.OO~
I 0.230 'i.530 1.031 -0.658 -1.644 -1. 338 -0.556 -0.079

2 0.030 1.031 0.232 -0.113 -0.277 -0.270 -0.092 -0 .005

[l.(e) J
3 -0.035 -0.658 -0.113 0.096 0.217 0.140 0.069 0.016

x 10-2
4 -0.083 -1.644 -0.277 0.217 0.533 0.375 0,180

o,,~~5 -0.046 -1.338 -0.270 0.140 0.375 0.353 0.130 0.013

6 -0.029 -0.556 -0.092 0.069 0.180 0.130 0.074 0.016

7 -0.008 -0.079 -0.005 0.016 0.039 0.013 0.016 0.007

APPENDIX 2

Statistical properties of the group of B-Shells

Table BI: First fifteen Fourier coefficients ai m, of the initial imperfections expanded as

\.. shell 8-1 8-2 8-3 8-4,
0 0.0010 0.0028 0.0111 0.0080

1 -0.0333 -0.1889 -0.6231 0.1096

2 -0. 0108 -0.0272 -0.0899 -0.0176

3 -0.0190 -0.0276 -0.0803 0.0407

4 0.0226 -0.0078 -0.0255 -0.0092

5 -0.0025 -0.0097 -0.0230 0.0132

6 0.0018 -0.0049 -0.0223 -0.0059

7 -0. 0062 -0. 0080 -0.0189 0.0120

8 0.0076 -0.0074 0.0052 -0.0125

9 -0.0050 0.0023 0.0053 0.0254

10 -0. 0013 -0.0041 -0.0133 -0.0265

11 0.0015 -0.0007 -0.0033 0.0200

12 -0.0062 -0.0009 -0.0085 -0.0176

I13 0.0084 -0.0031 0.0092 0.0103

14 0.0020 -0.0027 -0.0136 -0. 0114 i
.~~__ --.L.. ---'
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for the group of B-shells (R =101.6 mm, t =0.2007 mm, L =134030 mm, E =1.065 x I<P Nlmm2
, v =OJ, icl =17).

Note: Here wollll)(x) is positive outward:

Table B2. Elements of the variance-covariance matrix [II.)) for the group of B-shells

i~ 0 6 8 9 10

0 0.002 -0.079 -0.013 -0.006 -0.008 -0.002 -0.004 -0.001 -0.0005 0.003 -0.004l

1 -0.079 10 .059 1.095 1.489 0.398 0.454 0.279 0.364 -0.160 0.145 -0.
070

1

2 -0.013 1.095 0.132 0.145 0.057 0.044 0.1136 0.033 -0.013 0.003 0.005

3 -0.006 1.489 0.145 0.247 0.035 0.074 0.033 0.063 -0.034 0.041 -0.0281
4 -0.008 0.398 0.057 0.035 0.040 0.012 0.018 0.006 0.006 -0.012 0.012

5 -0.002 0.454 0.044 0.074 0.012 0.023 0.010 0.019 -0.009 0.012 -0.0081
U:(e) J 6 -0.004 0.279 0.036 0.033 0.018 0.010 0.010 0.007 -0.002 -0.002 0.004 x 10-2

7 -0.001 0.364 0.033 0.063 0.006 0.019 0.007 0.016 -0.009
0.012 -o.oo~

8 -0.0005 -0.160 -0.013 -0.034 0.006 -0.009 -0.002 -0.009 0.009 -0.010 0.007

9 lO.003 0.145 0.003 0.041 -0.012 0.012 -0.002 0.012 -0.010 0.017 -0.014

10 -0.004 -0.070 0.005 -0.028 0.012 -0.008 0.004 -0.009 0.007 -0.014 0.013
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